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a b s t r a c t
We consider sequences of polynomials which count lattice paths by area. In some cases
the reversed polynomials approach a formal power series as the length of the paths tend
to infinity. We find the limiting series for generalized Schröder, Motzkin, and Catalan
paths. The limiting series for Schröder paths and their generalizations are shown to count
partitions with restrictions on the multiplicities of odd parts and no restrictions on even
parts. The limiting series for generalized Motzkin and Catalan paths are shown to count
generalized Frobenius partitions and some related arrays.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
We begin with a motivating example by recalling Carlitz and Riordan’s q-Catalan numbers [6]. We follow the notation of
Fürlinger and Hofbauer [10], who also give a number of additional references.
Consider paths from (0, 0) to (n, n)which do not go above the line y = x and consist of east steps (0, 1) and north steps
(1, 0). We call such a pathw a Catalan path of length 2n, and define its weight, a(w), to be the area of the region enclosed by
w and the path of length 2n of alternating east and north steps. An example is given in Fig. 1.
Let C˜n(q) =∑ qa(w), where the sum is over all Catalan pathsw of length 2n. We will also use the generating function
f (x) =
∞∑
n=0
C˜n(q)xn.
We can decompose an arbitrary Catalan path to get a functional equation for f (x), by cutting at the first return to the line
y = x. This gives the recurrence
C˜n+1(q) =
n∑
i=0
qiC˜i(q)˜Cn−i(q). (1)
Multiplying both sides of (1) by xn+1 and summing on n ≥ 0 gives the functional equation
f (x) = 1+ xf (x)f (qx).
The first terms are
C˜0(q) = 1
C˜1(q) = 1
C˜2(q) = q+ 1
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Fig. 1. A Catalan path of length 14 and weight 5.
Fig. 2. A Catalan path corresponding to the partition 5+ 5+ 4+ 1+ 1.
C˜3(q) = q3 + q2 + 2q+ 1
C˜4(q) = q6 + q5 + 2q4 + 3q3 + 3q2 + 3q+ 1
C˜5(q) = q10 + q9 + 2q8 + 3q7 + 5q6 + 5q5 + 7q4 + 7q3 + 6q3 + 4q+ 1
C˜6(q) = q15 + q14 + 2q13 + 3q12 + 5q11 + 7q10 + 9q9 + 11q8 + 14q7 + 16q6 + 16q5
+ 17q4 + 14q3 + 10q2 + 5q+ 1.
It seems that the coefficients of the highest terms in q are stabilizing. That is, if we define reversed polynomials
Cn(q) = q( n2 )C˜n(q−1),
then Cn(q) = 1+ q+ 2q2 + 3q3 + 5q4 + · · · for n at least 5. Why do we have this limit? The polynomial Cn(q) counts paths
of length 2n by the area a between the path and the path consisting of n east steps followed by n north steps. If n is large
comparedwith a, then such a path starts with a number of east steps and endswith a number of north steps. The steps in the
middle outline a Ferrers diagram of a partition of a. Continuing our example, Fig. 2 shows the partition corresponding to the
path in Fig. 1. We use a somewhat nonstandard convention for Ferrers diagrams, in which the parts are vertical segments,
arranged horizontally from right to left.
As Fürlinger and Hofbauer note [10, Equation (2.7)], we can use this observation to evaluate the limit
lim
n→∞ Cn(q) =
∞∏
j=1
1
1− qj (2)
by interpreting it as the generating function for partitions.
We take (2) to be our starting point for this work. We consider some other well known lattice paths, such as Schröder
and Motzkin paths, as well as some natural generalizations, and investigate limits analogous to (2).
Other authors have considered lattice path counting by area. Krattenthaler [13] finds a number of identities for q-Catalan
and q-ballot numbers. Gessel [11] considers the area under pathswith steps {(1, j) | j ≤ 1, j ∈ Z} to prove a q-analogue of the
Lagrange inversion formula. Goulden and Jackson [12, Section 5.5] give another exposition of the same result. Recurrences for
the sumof areas of all paths of fixed length have been investigated [14,16,18–20,22,23]. There has also been some interest [3,
4] in bijections between lattice paths and permutations taking area statistics to inversion statistics.
Some standard notations will be useful. For a finite set S, we use #S to denote its cardinality. For a formal power series
F(z), we use [zn]F(z) to denote the coefficient of zn. If a ∈ R, we use bac to denote the greatest integer less than or equal to
a, and dae for the least integer greater than or equal to a.
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Fig. 3. A Schröder path to (7, 7)with weight 18.
2. Shifted Schröder paths
In this section we consider Schröder paths and a generalization whose reversed area polynomials have similar limits.
Consider paths from (0, 0) to (n, n) which do not go above the line y = x, consisting of steps (0, 1), (1, 0), and (1, 1). If
w is such a path, we say it is a Schröder path to (n, n), and define its weight aSch(w) to be twice the area betweenw and the
line y = x. We double the area so that aSch(w) will always be an integer. An example Schröder path with the weight illus-
trated is given in Fig. 3. The number of Schröder paths to (n, n) is traditionally denoted rn and called the nth large Schröder
number [5]. For weighted paths, we define r˜n(q) =∑ qaSch(w), where the sum is over all Schröder paths to (n, n).
The first terms are
r˜0(q) = 1
r˜1(q) = q+ 1
r˜2(q) = q4 + q3 + q2 + 2q+ 1
r˜3(q) = q9 + q8 + q7 + 2q6 + 3q5 + 4q4 + 3q3 + 3q2 + 3q+ 1
r˜4(q) = q16 + q15 + q14 + 2q13 + 3q12 + 4q11 + 5q10 + 7q9 + 8q8 + 9q7 + 10q6 + 11q5 + 10q4
+ 7q3 + 6q2 + 4q+ 1.
These polynomials were studied by Bonin et al. [5], whose results include a functional equation for the generating
function, and a formula for the sum of the area under all Schröder paths of fixed length.
We now introduce our generalization of Schröder paths. Fix a set S of nonnegative integers, with 0 ∈ S. Consider paths
from (0, 0) to (n, n) not rising above the line y = xwith steps (1, 0) and (j, 1), where j ∈ S. We call such a path an S-shifted
Schröder path to (n, n), and denote the set of such paths by SchS(n). Note that Sch{0,1}(n) is the set of ordinary Schröder paths
to (n, n), and Sch{0}(n) is the set of Catalan paths of length n.
As for ordinary Schröder paths,we define theweight aSch(w) of an S-shifted Schröder pathw to be twice the area between
w and the line y = x. Define
r˜ (S)n (q) =
∑
w∈SchS (n)
qaSch(w)
and the generating function
gS(x) =
∞∑
n=0
r˜ (S)n (q)x
n.
Define the height of a point (x, y) ∈ Z2 to be x − y. Notice that the step (1, 0), as well as each step (j, 1) with j > 0,
does not reduce the height. The only step which reduces the height is (0, 1). This observation leads to a decomposition of
S-shifted Schröder paths as follows.
Letw be a S-shifted Schröder path which begins with a step (j, 1). We decomposew as
w = (j, 1)wj−1(0, 1)wj−2(0, 1) · · · (0, 1)w0,
where each wi is an S-shifted Schröder path of maximal length. For example, if w is the S-shifted Schröder path in Fig. 4,
then w3 = (1, 0)(1, 1)(0, 1)(1, 0)(0, 1), w2 = (2, 1)(0, 1), w1 is empty, and w0 = (1, 1)(1, 0)(0, 1). Let len(w) = kwhen
w is an S-shifted Schröder path to (k, k). Then it is easy to see that
aSch(w) = j2 − j+
j−1∑
i=0
(aSch(wi)+ 2ilen(wi)) . (3)
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Fig. 4. An S-shifted Schröder path.
Letw be a S-shifted Schröder pathwhich begins with a step (1, 0). Thenw = (1, 0)w1(0, 1)w0 withw1 andw0 as before,
and
aSch(w) = 1+ aSch(w1)+ 2len(w1)+ aSch(w2). (4)
This decomposition and Eqs. (3) and (4) imply that gS(x) satisfies
gS(x) = 1+ qxgS(x)gS(q2x)+
∑
j∈S,j6=0
qj
2−jxjgS(x)gS(q2x) · · · gS(q2j−2x). (5)
For any S, Eq. (5) can be used to compute r (S)n (q) for small values of n. In some cases it is also possible to solve the functional
equation at q = 1 to count unweighted paths to (n, n). We will consider some examples, but first we find the reversed area
polynomials and their limits.
For any set S, the S-shifted Schröder path w0 with the largest weight consists of n east steps (1, 0) followed by n north
steps (0, 1). The weight is aSch(w0) = n2. Therefore, r˜ (S)n (q) is a polynomial of degree n2, and we can define the reversed
polynomials r (S)n (q) by
r (S)n (q) = qn
2
r˜ (S)n (q
−1).
Before evaluating the limit of the reversed polynomials, let us see roughly how a path with weight n2−a can correspond
to a partition of a. For example, the Schröder path in Fig. 3 corresponds to the region of Fig. 5 for the reversed polynomials.
If we divide the region of Fig. 5 into vertical strips to make the parts of a partition, doubling the area of each strip, we get
the partition 11+ 9+ 8+ 2+ 1. For an S-shifted Schröder path, this process will not always give integer parts. To correct
this problem, we distribute the area under a step (j, 1) evenly among j parts to get an odd part repeated j times. That is, if
the step of type (j, 1) starts at a point (r, s), then the quadrilateral with vertices (r, 0), (r, s), (r + j, s + 1), (r + j, 0) and
doubled area 2sj+ j corresponds to j parts of size 2s+ 1.
For example, the S-shifted Schröder path in Fig. 4 corresponds to the partition 20+19+11+11+6+3+2+1+1+1+1.
Theorem 1.
lim
n→∞ r
(S)
n (q) =
∞∏
i=1
1
1− q2i
∑
j∈S
qj(2i−1).
Proof. Fix a nonnegative integer a, and let n > a. We want to show that [qa]r (S)n (q) is the number of partitions of a in which
the multiplicity of each odd part is in S, and the multiplicity of each even part is unrestricted.
By definition, [qa]r (S)n (q) is the number of S-shifted Schröder paths w to (n, n) such that the region R(w) bounded by w,
the x-axis, and the line x = n has area a/2. Letw be such a path, and define a partitionpi(w) = pi1(w)+pi2(w)+· · ·+pit(w)
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Fig. 5. A Schröder path with reversed weight 31.
of a as follows. Let Ri be the area of R(w) ∩ Ti, where Ti is the region of the plane bounded by x = n− i and x = n− i+ 1.
Then, if Ri > 0, define the ith part of pi(w) to be
pii(w) =
{
2Ri if Ri is an integer, and
2bRic + 1 if Ri is not an integer.
Notice that if Ri is an integer, then the corresponding step w ∩ Ti must have type (1, 0). This gives an even part pii(w)
which may be repeated with additional steps (1, 0)with the same y-coordinate.
If Ri is not an integer, then w ∩ Ti is part of a step (j, 1). All j parts corresponding to this step will be equal to pii(w).
Moreover, no part corresponding to a different step can be equal to pii(w). Therefore, the multiplicity of the odd part pii(w)
is in S.
Since n > a, the line y = x cannot intersect R(w). Therefore, pi(w) is an arbitrary partition of a with the multiplicity of
odd parts in S, and even parts unrestricted.
It is easy to see that the map w 7→ pi(w) is reversible, and gives a bijection. Therefore, limn→∞ r (S)n (q) is the generating
function for partitions with odd part multiplicities in S, as desired. 
Setting S = {0, 1} in Theorem 1 gives the limit for ordinary Schröder paths.
Corollary 2.
lim
n→∞ rn(q) =
∞∏
i=1
1+ q2i−1
1− q2i
= 1+ q+ q2 + 2q3 + 3q4 + 4q5 + 5q6 + 7q7 + 10q8 + 13q9 · · · .
The number of partitions with distinct odd parts and unrestricted even parts is sequence A006950 in the the On-Line
Encyclopedia of Integer Sequences [21].
Note that Eq. (2) also follows as a special case of Theorem 1, with S = {0} and q 7→ q1/2. Now let us consider some
different sets S.
Example 1. S = {0, 2}.
Here are the first terms, which follow from the generating function (5).
r˜ ({0,2})0 (q) = 1
r˜ ({0,2})1 (q) = q
r˜ ({0,2})2 (q) = q4 + 2q2
r˜ ({0,2})3 (q) = q9 + 2q7 + 3q5 + 3q3
r˜ ({0,2})4 (q) = q16 + 2q14 + 3q12 + 6q10 + 7q8 + 7q6 + 5q4
r˜ ({0,2})5 (q) = q25 + 2q23 + 3q21 + 6q19 + 10q17 + 13q15 + 16q13 + 20q11 + 19q9 + 15q7 + 8q5.
Merlini et al. [17] studied {0, 2}-shifted Schröder paths. For an example, see Fig. 6. The generating function for such paths
without regard to area can be found by substituting q = 1 and S = {0, 2} in (5) and solving. This gives
∞∑
n=0
r˜ ({0,2})n (1)x
n = 1−
√
1− 4x− 4x2
2x(1+ x)
= 1+ x+ 3x2 + 9x3 + 31x4 + 113x5 + 431x6 + 1697x7 + · · · . (6)
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Fig. 6. A {0, 2}-shifted Schröder path and partition 11+ 11+ 6+ 6+ 5+ 5+ 3+ 3.
The number of such paths to (n, n) is sequence A052709 [21]. The limit
lim
n→∞ r
({0,2})
n (q) =
∞∏
i=1
1+ q2(2i−1)
1− q2i
= 1+ 2q2 + 3q4 + 6q6 + 10q8 + 16q10 + 25q12 + 38q14 + · · · (7)
gives the sequence A101277 [21].
Example 2. S = E = {0, 2, 4, 6, . . .}.
We can find the first terms from the generating function (5).
r˜ (E)0 (q) = 1
r˜ (E)1 (q) = q
r˜ (E)2 (q) = q4 + 2q2
r˜ (E)3 (q) = q9 + 2q7 + 3q5 + 3q3
r˜ (E)4 (q) = q16 + 2q14 + 4q12 + 6q10 + 7q8 + 7q6 + 5q4
r˜ (E)5 (q) = q25 + 2q23 + 4q21 + 7q19 + 11q17 + 14q15 + 18q13 + 20q11 + 19q9 + 15q7 + 8q5
r˜ (E)6 (q) = q36 + 2q34 + 4q32 + 8q30 + 12q28 + 19q26 + 26q24 + 35q22 + 43q20 + 52q18 + 57q16
+ 61q14 + 57q12 + 46q10 + 30q8 + 13q6.
By making the appropriate substitutions in (5), we see that gE satisfies gE(1 − xgE)2(1 + xgE) = 1, where gE denotes gE(x)
at q = 1. So the generating function for E-shifted paths without regard to area
∞∑
n=1
r (E)n (1)x
n = 1+ x+ 3x2 + 9x3 + 32x4 + 119x5 + 466x6 + 1881x7 + · · ·
gives sequence number A063020 [21].
In this case, the limit is
lim
n→∞ r
(E)
n (q) =
∞∏
i=1
1
1− q2i (1+ q
2(2i−1) + q4(2i−1) + · · ·)
=
∞∏
i=1
1
(1− q4i)(1− q4i−2)2
= 1+ 2q2 + 4q4 + 8q6 + 14q8 + 24q10 + 40q12 + 64q14 + 100q16 + · · · . (8)
This is sequence number A015128 [21], which also counts overpartitions.
Example 3. S = O = {0, 1, 3, 5, . . .}.
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Here are the first terms.
r˜ (O)0 (q) = 1
r˜ (O)1 (q) = q+ 1
r˜ (O)2 (q) = q4 + q3 + q2 + 2q+ 1
r˜ (O)3 (q) = q9 + q8 + q7 + 3q6 + 3q5 + 4q4 + 3q3 + 3q2 + 3q+ 1
r˜ (O)4 (q) = q16 + q15 + q14 + 3q13 + 3q12 + 5q11 + 6q10 + 8q9 + 9q8 + 11q7 + 12q6 + 11q5
+ 10q4 + 7q3 + 6q2 + 4q+ 1.
Let gO denote gO(x) at q = 1. The functional equation (5) with S = O and q = 1 simplifies to
gO = 1+ xg2O +
xgO
1− x2g2O
.
A power series solution
∞∑
n=1
r (O)n (1)x
n = 1+ 2x+ 6x2 + 23x3 + 99x4 + 456x5 + 2199x6 + 10961x7 + · · ·
gives the number of O-shifted paths without regard to area, which is sequence number A133656 [21].
The limit of the area polynomials for S = O is
lim
n→∞ r
(O)
n (q) =
∞∏
i=1
1
1− q2i (1+ q
2i−1 + q3(2i−1) + · · ·)
=
∞∏
i=1
1+ q2i−1 − q4i−2
(1− q4i)(1− q4i−2)2
= 1+ q+ q2 + 3q3 + 3q4 + 6q5 + 6q6 + 11q7 + 13q8 + · · · , (9)
giving sequence A131942 [21].
Example 4. S = {0, 1, 2, 3, . . . , k− 1}.
The limit is
lim
n→∞ r
({0,1,...,k−1})
n (q) =
∞∏
i=1
1
1− q2i (1+ q
2i−1 + q2(2i−1) + · · · + q(k−1)(2i−1))
=
∞∏
i=1
1− qk(2i−1)
1− qi
=
∏
i≥1
i6≡k mod 2k
1
1− qi . (10)
For example, the limit for {0, 1, 2},
lim
n→∞ r
({0,1,2})
n (q) = 1+ q+ 2q2 + 2q3 + 4q4 + 5q5 + 8q6 + 10q7 + · · · ,
gives sequence A131945 [21].
Here are the first terms for S = {0, 1, 2}.
r˜ ({0,1,2})0 (q) = 1
r˜ ({0,1,2})1 (q) = q+ 1
r˜ ({0,1,2})2 (q) = q4 + q3 + 2q2 + 2q+ 1
r˜ ({0,1,2})3 (q) = q9 + q8 + 2q7 + 2q6 + 4q5 + 5q4 + 5q3 + 5q2 + 3q+ 1
r˜ ({0,1,2})4 (q) = q16 + q15 + 2q14 + 2q13 + 4q12 + 5q11 + 8q10 + 10q9 + 12q8 + 13q7 + 15q6
+ 17q5 + 16q4 + 13q3 + 9q2 + 4q+ 1.
B. Drake / Discrete Mathematics 309 (2009) 3936–3953 3943
Fig. 7. A Motzkin path of rank 2, length 11, and weight 17.
Substituting q = 1 and S = {0, 1, 2} in (5) and solving
∞∑
n=1
r ({0,1,2})n (1)x
n = 1− x−
√
1− 6x− 3x2
2x(1+ x)
= 1+ 2x+ 7x2 + 29x3 + 133x4 + 650x5 + 3319x6 + · · · (11)
gives the generating function for the number of paths without regard to area. The number of such paths is sequence
A064641 [21].
3. Motzkin paths
Define aMotzkin path of length n and rank l to be a path from (0, 0) to (n, 0)which does not go below the x-axis, consisting
of steps (1, j), with j ∈ {−l, . . . ,−1, 0, 1, . . . , l}. The weight aM(w) of a Motzkin path w of rank l is defined to be the area
between w and the x-axis. It is not difficult to see that aM(w) is always an integer. An example of a Motzkin path of rank 2
is given in Fig. 7. Define m˜(l)n (q) =∑ qaM (w), where the sum is over all Motzkin paths of length n and rank l, and let
hl(x) =
∞∑
n=0
m˜(l)n (q)x
n.
Motzkin paths of rank l were considered by Mansour et al. [15], who give a system of equations which can be used to
enumerate the unweighted Motzkin paths of rank l.
Before continuing with the general case, let us consider the classical case l = 1 for concreteness. Motzkin paths of rank
1 are usually called simply Motzkin paths. These paths may be decomposed by their first return to the x-axis, giving the
functional equation
h1(x) = 1+ xh1(x)+ qx2h1(x)h1(qx). (12)
Eq. (12) is equivalent to the recurrence
m˜(1)n+1(q) = m˜(1)n (q)+
n−1∑
k=0
qk+1m˜(1)k (q)m˜
(1)
n−1−k(q), (13)
with m˜(1)0 = 1. These q-Motzkin numbers m˜(1)n (q) are also considered by Cigler [7, Equation (37)]. Solving for the initial
terms gives
m˜(1)0 (q) = 1
m˜(1)1 (q) = 1
m˜(1)2 (q) = q+ 1
m˜(1)3 (q) = q2 + 2q+ 1
m˜(1)4 (q) = q4 + q3 + 3q2 + 3q+ 1
m˜(1)5 (q) = q6 + 2q5 + 3q4 + 4q3 + 6q2 + 4q+ 1
m˜(1)6 (q) = q9 + q8 + 3q7 + 5q6 + 7q5 + 8q4 + 10q3 + 10q2 + 5q+ 1
m˜(1)7 (q) = q12 + 2q11 + 3q10 + 6q9 + 8q8 + 12q7 + 16q6 + 18q5 + 19q4 + 20q3 + 15q2 + 6q+ 1.
Notice that the coefficients of the highest powers of the even length polynomials appear to be approaching a different limit
than those for odd length.
For any l, the path with the largest area counted by m˜(l)2n(q) consists of n steps of type (1, l) followed by n of type (1,−l),
so m˜(l)2n(q) is a polynomial in q of degree ln
2. The path with the largest area counted by m˜(l)2n+1(q) consists of n steps of type
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(1, l), then one step of type (1, 0), then n of type (1,−l). Therefore, m˜(l)2n+1(q) is a polynomial in q of degree l(n2+ n). Define
reversed polynomials
m(l)2n(q) = qln
2
m˜(l)2n(q
−1), and m(l)2n+1(q) = ql(n
2+n)m˜(l)2n+1(q
−1).
Now we introduce the objects counted by limn→∞m(l)2n(q). These are certain arrays defined by Andrews [1]. Let n be a
nonnegative integer. A generalized Frobenius partition of n is a two-rowed array of nonnegative integers(
a1 a2 · · · as
b1 b2 · · · bs
)
such that each row is arranged in nonincreasing order and
n = s+
s∑
i=1
ai +
s∑
j=1
bj. (14)
Let φk(n) be the number of generalized Frobenius partitions of n in which there are at most k repetitions of an integer in
each row. Denote its generating function by
Φk(q) =
∞∑
n=0
φk(n)qn.
Andrews develops the following general principle [1, Section 3] for counting generalized Frobenius partitions. If fA(z) =
ΣPA(m, n)zmqn is the generating function for PA(m, n), the number of ordinary partitions of n into m parts subject to
restrictions A, then the constant term in z in fA(zq)fB(z−1) is the generating function for generalized Frobenius partitions
in which the first row is subject to the restrictions A and the second row is subject to the restrictions B.
Choosing A = B to be the condition that each part is nonnegative and is repeated at most k times, we see that Φk(q) is
the constant term in z in the product Gk(z) defined by
Gk(z) =
∞∏
i=0
(1+ zqi+1 + · · · + zkqk(i+1))(1+ z−1qi + · · · + z−kqki). (15)
From this Andrews calculates [1, Theorem 5.1]
Φk(q) =
( ∞∏
i=1
1
1− qi
)k ∞∑
t1,...,tk−1=−∞
ζ (k−1)t1+(k−2)t2+···+tk−1qQ (t1,t2,...,tk−1), (16)
where ζ = e2pi√−1/(k+1) and Q is the complete symmetric polynomial
Q (t1, t2, . . . , tk−1) =
∑
1≤i≤j≤k−1
titj. (17)
For k = 1, 2, or 3, Eq. (16) simplifies to a product formula. For example, when k = 2 we have [1, Equation (5.9)],
Φ2(q) =
∞∏
i=1
1
(1− qi)(1− q12i−10)(1− q12i−3)(1− q12i−2)
= 1+ q+ 3q2 + 5q3 + 9q4 + 14q5 + 24q6 + 35q7 + 55q8 + · · · . (18)
We will see that this product is in fact the limit of the polynomialsm(1)2n (q) counting Motzkin paths of even length.
The objects counted by limn→∞m(l)2n+1 are a variation on generalized Frobenius partitions. Consider two-rowed arrays of
nonnegative integers(
a1 a2 · · · as1
b1 b2 · · · bs2
)
where |s2 − s1| ≤ l, such that each row is arranged in nonincreasing order and in each row every integer occurs no more
than 2l times. The weight of such an array is
n = s1 + s2 +
s1∑
i=1
ai +
s2∑
j=1
bj. (19)
Let ψ2l(n) be the number of such arrays with weight n, and define the generating function
Ψ2l(q) =
∞∑
n=0
ψ2l(n)qn.
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For example, the six arrays counted by ψ2(3) are(
1
0
) (
0
1
) (
2
) (
2
) (
0 0
0
) (
0
0 0
)
.
We only defineΨk(q) for even k, since these are the arrays which arise in counting generalizedMotzkin paths. The subscript
is chosen to be compatible with that ofΦk(q).
Next we give a formula forΨk(q) analogous to Andrews’s result (16). For k = 2 it simplifies to a product formula. We use
the following variant of Andrews’s general principle. If fA(z) = ΣPA(m, n)zmqn is the generating function for the number
PA(m, n) of ordinary partitions of n intom parts subject to restrictions A, then the constant term in z in fA(zq)fB(z−1q) is the
generating function two-rowed arrays in which the first row is subject to the restrictions A, the second row is subject to the
restrictions B, both rows have the same length, and the weight of an array is given by Eq. (19). To allow the length of the
rows to differ by at most l, we consider the constant term in (z−l + · · · + z l)fA(zq)fB(z−1q).
Theorem 3.
Ψ2l(q) = (−1)l
( ∞∏
i=1
1
1− qi
)2l ∞∑
t1,t2,...,t2l−1=−∞
ζ (2l−1)t1+(2l−2)t2+···+t2l−1+2l
2
qεl
where ζ = e2pi√−1/(2l+1) and
εl = εl(t1, . . . , t2l−1) =
2l−1∑
i=1
lti +
∑
1≤i≤j≤2l−1
titj +
(
l
2
)
. (20)
Proof. By our variant of Andrews’s general principle, Ψ2l(q) is the constant term in z in H2l(z), defined by
H2l(z) =
(
l∑
j=−l
z j
) ∞∏
i=0
(1+ zqi+1 + · · · + z2lq2l(i+1))(1+ z−1qi+1 + · · · + z−2lq2l(i+1)).
This is similar to (15); in fact, we have
H2l(z) = (z−l + · · · + z l) 11+ z−1 + · · · z−2l G2l(z)
= z lG2l(z).
Now we can follow Andrews [1, Proof of Theorem 5.1]. Let ζ = e2pi√−1/(2l+1). Then
H2l(z) = z l
∞∏
i=0
(1+ zqi+1 + · · · + z2lq2l(i+1))(1+ z−1qi + · · · + z−2lq2li)
= z l
∞∏
i=0
2l∏
j=1
(1− ζ−jzqi+1)(1− ζ jz−1qi)
=
( ∞∏
i=1
1
1− qi
)2l
z l
2l∏
j=1
∞∑
tj=−∞
(−1)tjq
( tj+1
2
)
ztjζ−jtj ,
using Jacobi’s triple product identity [8, p. 106]. We can find the constant term by setting t2l = −t1 − t2 − · · · − t2l−1 − l.
Ψ2l(q) =
( ∞∏
i=1
1
1− qi
)2l ∞∑
t1,...,t2l−1=−∞
(−1)lζ−t1−2t2−···−(2l−1)t2l−1−2l(−t1−···−t2l−1−l)
× q
(
t1+1
2
)
+···+
(
t2l−1+1
2
)
+
(−t1−t2−···−t2l−1−l+1
2
)
= (−1)l
( ∞∏
i=1
1
1− qi
)2l ∞∑
t1,...,t2l−1=−∞
ζ (2l−1)t1+(2l−2)t2+···+t2l−1+2l
2
× q
t21+···+t22l−1+lt1+···+lt2l−1+
∑
1≤i<j≤2l−1
titj+l(l−1)/2
,
which is the desired formula. 
3946 B. Drake / Discrete Mathematics 309 (2009) 3936–3953
Corollary 4.
Ψ2(q) =
∞∏
i=1
1
(1− q2i−1)2(1− q12i−8)(1− q12i−6)(1− q12i−4)(1− q12i)
= 1+ 2q+ 3q2 + 6q3 + 10q4 + 16q5 + 26q6 + 40q7 + 60q8 + · · · .
Proof. By Theorem 3,
Ψ2(q) = −
( ∞∏
i=1
1
1− qi
)2 ∞∑
t=−∞
ζ t+2qt
2+t ,
where ζ = e2pi√−1/3. Using Jacobi’s triple product identity [8, p. 106], we have
Ψ2(q) = −ζ 2
∞∏
i=1
1
(1− qi)2 (1− q
2i)(1+ ζq2i)(1+ ζ−1q2i−2)
= −ζ 2(1+ ζ−1)
∞∏
i=1
(1− q2i)(1+ ζq2i)(1+ ζ−1q2i)
(1− qi)2
=
∞∏
i=1
(1− q2i)(1− q2i + q4i)
(1− qi)2
=
∞∏
i=1
(1− q2i)(1+ q6i)
(1− qi)2(1+ q2i) .
Canceling some terms and multiplying gives
Ψ2(q) =
∞∏
i=1
(1+ q6i)
(1− q2i−1)2(1− q4i) .
Using an identity of Euler [2, Corollary 1.2], we have
Ψ2(q) =
∞∏
i=1
1
(1− q2i−1)2(1− q4i)(1− q12i−6)
=
∞∏
i=1
1
(1− q2i−1)2(1− q12i−8)(1− q12i−6)(1− q12i−4)(1− q12i) ,
as desired. 
Next we want to explain the relationship between Motzkin paths of rank l and two-rowed arrays. First let us describe
the bijection informally. For a Motzkin path w of rank l and length 2n or 2n + 1, the first n steps give the first row of the
array and the last n steps give the second row. If w has odd length, the middle step gives the difference in length between
the two rows. Suppose 1 ≤ i ≤ n, and the ith step has type (1, j). We place n− i in the first row of the array l− j times. For
the second row we follow a similar rule, reading from right to left. For example, the Motzkin path in Fig. 7 corresponds to
the array(
3 3 2 2 2 1 0 0 0 0
3 2 2 1 1 1 1 0 0
)
,
which has weight 43 = 2(52 + 5)− 17, as desired. Additional examples are given following the proof for the case l = 1.
It will be convenient to introduce some notation. For a fixed positive integer l, let w0(2n) be the path of n steps of
type (1, l) followed by n steps of type (1,−l). Also let w0(2n + 1) be the path of n steps of type (1, l), followed by
one horizontal step (1, 0), followed by n steps of type (1,−l). If w is a Motzkin path of length t , we define R(w) to be
the region between w and w0(t). Let R(w)1 = R(w) ∩ {(x, y) ∈ R2 | x ≤ n} be the ‘‘left half’’ of R(w). Finally, let
Diagl(i, j) = {(x, y) ∈ R2 | i ≤ lx − y ≤ j} be the diagonal strip between the lines y = lx − i and y = lx − j, where
i < j.
Theorem 5.
(i) lim
n→∞m
(l)
2n(q) = Φ2l(q), and
(ii) lim
n→∞m
(l)
2n+1(q) = Ψ2l(q).
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Proof. Fix a positive integer l. First we prove (i). Let
F =
(
a1 a2 · · · as
b1 b2 · · · bs
)
be a generalized Frobenius partition of t such that in each row, any integer occurs at most 2l times. Let n ≥ 2max{a1 +
1, b1 + 1}. We will construct a Motzkin pathw(F) of length 2n such that the area of R(w(F)) is t .
For each nonnegative integer p < n, suppose p occurs exactly α(p) times in the first row of F and exactly β(p) times
in the second row of F , with α(p), β(p) ∈ {0, 1, . . . , 2l}. In w(F), let the (n − p)th step have type (1, l − α(p)) and the
(n+ p+ 1)th step have type (1, β(p)− l).
First let us check thatw(F) is aMotzkin path of rank l. Sinceα(1)+α(2)+· · ·+α(t−1) = β(1)+β(2)+· · ·+β(t−1) = s,
the path ends on the x-axis. By the choice of n,w(F)must start with at least dn/2e steps of type (1, l) and end with at least
dn/2e steps of type (1,−l). Therefore,w(F) cannot go below the x-axis. Hencew(F) is a Motzkin path of rank l as desired.
Clearly the map F 7→ w(F) is reversible. We need to show that the area of R(w(F)) is t . It is enough to show that the area
of R(w(F))1 is a1 + a2 + · · · + as + s/2.
Suppose that (n− p− 1, h) lies onw(F). Then R1(w(F))∩Diagl(h− l(n− p− 1−α(p)), h− l(n− p− 1)) is the union of
a parallelogram with corners (n− p, lh), (n− p, lh− α(p)), (n, lh+ lp), and (n, lh+ lp− α(p)) and a triangle with corners
(n−p, lh), (n−p, lh−α(p)), and (n−p−1, h). The area of the parallelogram is pα(p) and the area of the triangle is α(p)/2.
For p = 0 the parallelogram degenerates to a line segment and for α(p) = 0 both regions degenerate to line segments, but
in either case the area formula is correct. The union of these parallelograms and triangles for all p, 0 ≤ p < n is R1(w(F)).
The sum of the areas is a1 + a2 + · · · + as + s/2, as desired. This completes the proof of (i).
Next we prove (ii). Let
F ′ =
(
a1 a2 · · · as1
b1 b2 · · · bs2
)
be an array of nonnegative integers with |s1 − s2| ≤ l, each row arranged in nonincreasing order, and no integer appearing
more than 2l times in either row. Set t = a1 + · · · as1 + b1 + · · · + bs2 + s1 + s2, and let n > 2max{a1 + 1, b1 + 1}. We will
construct a Motzkin pathw(F ′) of length 2n+ 1 such that the area of R(w(F ′)) is t .
For each nonnegative integer p < n, suppose p occurs exactly α(p) times in the first row of F ′ and exactly β(p) times in
the second row of F ′, with α(p), β(p) ∈ {0, 1, . . . , 2l}. In w(F ′), let the (n − p)th step have type (1, l − α(p)), and let the
(n+ p+ 2)th have type (1, β(p)− l). Finally, let the (n+ 1)th step have type (1, s1 − s2). It is easy to see that F ′ 7→ w(F ′)
is a bijection.
Using the same argument as for Motzkin paths of even length, R1(w(F ′)) has area a1 + · · · + as1 + s1/2. Similarly,
the region R2(w(F ′)) = R(w(F ′)) ∩ {(x, y) ∈ R2 | x ≥ n + 1} has area b1 + · · · bs1 + s2/2. The remaining region,
Rm(w(F ′)) = R(w(F ′))∩ {(x, y) ∈ R2 | n ≤ x ≤ n+ 1} is a trapezoid with area 1/2 · (s1 + s2). If one or both of the si is zero
the trapezoid is degenerate, but the area formula is still correct. We have R(w(F ′)) = R1(w(F ′)) ∪ Rm(w(F ′)) ∪ R2(w(F ′)),
and the area of the union is a1 + · · · as1 + s1/2+ b1 + · · · + bs2 + s2/2+ s1/2+ s2/2 = t , as desired. 
For example, consider the generalized Frobenius partition
F =
(
3 3 0
2 0 0
)
.
Here α(p) = 0 for p > 3, so the first n−4 steps are upsteps (1, 1). The entry 3 occurs twice in the first row of F , so α(3) = 2
and the (n− 3)th step is a downstep (1,−1). Continuing in this manner, the resulting pathw(F) is given by
u · · · u︸ ︷︷ ︸
n−4 times
duuh udhd d · · · d︸ ︷︷ ︸
n−4 times
,
where u, h, and d correspond to upsteps (1, 1), horizontal steps (1, 0), and downsteps (1,−1), respectively. Fig. 8 gives an
illustration ofw(F) and R(w(F)) for t = 6, with the subdivision into parallelograms and triangles shown.
For an example of odd length, consider the array
F ′ =
(
3 1 1
3 3 1 0
)
.
Herew(F ′) corresponds to the path given by
u · · · u︸ ︷︷ ︸
n−4 times
hudu d hhdu d · · · d︸ ︷︷ ︸
n−4 times
,
illustrated in Fig. 9.
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Fig. 8. A Motzkin path of even length with area subdivision.
Fig. 9. A Motzkin path of odd length with area subdivision.
4. Colored Motzkin paths
In this section we consider a particular coloring of Motzkin paths which corresponds to generalized Frobenius partitions
with colored entries.
Define a colored Motzkin path of length n and rank l to be a Motzkin path of length n and rank l in which each step of type
(1, j) is colored one of
(
2l
l+j
)
colors, for j ∈ {−l, . . . ,−1, 0, 1, . . . , l}. For convenience we will label the colors by subsets of
{1, 2, . . . , 2l}. A step of type (1, j) can be colored by any of the subsets of {1, 2, . . . , 2l} of cardinality l + j. This seemingly
arbitrary choice for the number of colors for each step is chosen so that if a step contributes i occurrences of an integer to a
corresponding array, then the step will be colored by a subset of cardinality i or 2l− i.
Let c˜m(l)n (q) =
∑
qaM (w), where the sum is over all coloredMotzkin pathsw of length n and rank l, and the weight aM(w)
is the area between the pathw and the x-axis. As in Section 3, we can define reversed polynomials
cm(l)2n(q) = qn
2
c˜m(l)2n(q
−1), cm(l)2n+1(q) = qn
2+nc˜m(l)2n+1(q
−1).
For colored Motzkin paths of rank 1, there is no color choice for steps (1, 1) and (1,−1), while steps (1, 0) are colored
one of 2 colors. These colored rank 1 paths are well known to be counted by the Catalan numbers [9]; counting them by area
gives some new q-Catalan numbers.
In the l = 1 case, we can decompose the paths by cutting at the first return to the x-axis. This gives the recurrence
c˜m(1)n+1(q) = 2c˜m(1)n (q)+
n−1∑
i=0
qi+1c˜m(1)i (q)c˜m
(1)
n−i−1(q), (21)
with c˜m(1)0 (q) = 1. The first terms are as follows.
c˜m(1)0 (q) = 1
c˜m(1)1 (q) = 2
c˜m(1)2 (q) = q+ 4
c˜m(1)3 (q) = 2q2 + 4q+ 8
c˜m(1)4 (q) = q4 + 4q3 + 9q2 + 12q+ 16
c˜m(1)5 (q) = 2q6 + 4q5 + 12q4 + 20q3 + 30q2 + 32q+ 32
c˜m(1)6 (q) = q9 + 4q8 + 9q7 + 20q6 + 34q5 + 56q4 + 73q3 + 88q2 + 80q+ 64
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c˜m(1)7 (q) = 2q12 + 4q11 + 12q10 + 24q9 + 46q8 + 72q7 + 116q6 + 156q5 + 206q4 + 232q3
+ 240q2 + 192q+ 128.
Now let us recall the colored generalized Frobenius partitions of Andrews [1]. We will use k copies of the nonnegative
integers, written ji, where j ≥ 0 and 1 ≤ i ≤ k. We call i the color of j. We define a total order (the lexicographic order) on
colored integers by ji < lh when j < l or j = l and i < h. We say that ji and lh are distinct except when j = l and i = h.
Let cφk(n) be the number of generalized Frobenius partitions of n in which the entries are distinct and taken from k-
copies of the nonnegative integers. We call such an array a generalized Frobenius partition of n in k colors. The weight is
found by ignoring the colors and using (14) as for ordinary generalized Frobenius partitions. Define the generating function
CΦk(q) =
∞∑
n=0
cφk(n)qn.
Andrews found a formula [1, Theorem 5.2] analogous to (16):
CΦk(q) =
∞∏
i=1
1
(1− qi)k
∞∑
t1,t2,...,tk−1=−∞
qQ (t1,t2,...,tk−1), (22)
where Q (t1, t2, . . . , tk−1) is the complete symmetric polynomial (17). When k = 1, 2, or 3 this simplifies to a product
formula [1, Corollary 5.2]. In particular,
CΦ2(q) =
∞∏
i=1
1− q4i−2
(1− q2i−1)4(1− q4i)
= 1+ 4q+ 9q2 + 20q3 + 42q4 + 80q5 + 147q6 + 260q7 + 445q8 + · · · . (23)
Now we address the limit of paths of odd length. Consider two-rowed arrays(
a1 a2 · · · as1
b1 b2 · · · bs2
)
T
in which the entries are distinct and taken from 2l copies of the nonnegative integers, such that |s1 − s2| ≤ l, each row is
arranged in nonincreasing order, and the entire array is colored in one of
(
2l
l+(s1−s2)
)
colors by choosing T ⊆ {1, 2, . . . , 2l}
with #T = l+ (s1 − s2). The weight of such an array is found by ignoring the colors and using formula (19). Let cψ2l(n) be
the number of such arrays with weight n, and define the generating function
CΨ2l(q) =
∞∑
n=0
cψ2l(n)qn.
The 24 arrays counted by cψ2(3) are(
11
01
)
{1}
(
12
01
)
{1}
(
11
02
)
{1}
(
12
02
)
{1}
(
11
01
)
{2}
(
12
01
)
{2}
(
11
02
)
{2}
(
12
02
)
{2}
(
01
11
)
{1}
(
02
11
)
{1}
(
01
12
)
{1}
(
02
12
)
{1}
(
01
11
)
{2}
(
02
11
)
{2}(
01
12
)
{2}
(
02
12
)
{2}
(
02 01
01
)
∅
(
02 01
02
)
∅
(
01
02 01
)
{1,2}
(
02
02 01
)
{1,2}
(
21
)
∅
(
22
)
∅
(
21
)
{1,2}
(
22
)
{1,2}
.
Theorem 6.
CΨ2l(q) =
( ∞∏
i=1
1
1− qi
)2l ∞∑
t1,t2,...,t2l−1=−∞
qεl
where εl is defined in (20).
Proof. By Andrews’s general principle, CΨ2l(q) is the constant term in z in
CH2l(q) =
(
l∑
j=−l
(
j+ l
2l
)
z j
) ∞∏
i=0
(1+ zqi+1)2l(1+ z−1qi+1)2l.
By the binomial theorem,
CH2l(q) = z l(1+ z−1)2l 1
(1+ z−1)2l
( ∞∏
i=1
(1+ zqi)(1+ z−1qi−1)
)2l
.
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Then by Jacobi’s triple product identity [8, p. 106],
CH2l(q) = z l
( ∞∏
i=1
1
(1− qi)2l
)
2l∏
j=1
∞∑
tj=−∞
ztjq
( tj+1
2
)
.
The remainder of the calculation follows as in Theorem 3, with ζ = 1, and without the power of−1. 
Corollary 7.
CΨ2(q) = 2
∞∏
i=1
1
(1− qi)(1− q4i−3)(1− q4i−2)2(1− q4i−1)
= 2+ 4q+ 12q2 + 24q3 + 50q4 + 92q5 + 172q6 + 296q7 · · · .
Proof. By Theorem 6,
CΨ2(q) =
∞∏
i=1
1
(1− qi)2
∞∑
t=−∞
qt
2+t
=
∞∏
i=1
(1− q2i)(1+ q2i)(1+ q2i−2)
(1− qi)2
= 2
∞∏
i=1
(1− q4i)(1+ q2i)
(1− qi)2
= 2
∞∏
i=1
1
(1− qi)(1− q4i−3)(1− q4i−2)2(1− q4i−1) ,
as desired. 
Theorem 8.
(i) lim
n→∞ cm
(l)
2n = CΦ2l(q), and
(ii) lim
n→∞ cm
(l)
2n+1 = CΨ2l(q).
Proof. Let F be a generalized Frobenius partition of t in 2l colors.
F =
(
a1 a2 · · · as
b1 b2 · · · bs
)
.
Let n > 2max{a1+1, b1+1}.We construct a coloredMotzkin path cw(F) of length 2n and rank l. For each integer p such that
0 ≤ p < n, suppose that pu1 , pu2 , . . . , puα(p) are all occurrences of p of any color in the first row of F and pv1 , pv2 , . . . , pvβ(p)
are the occurrences of p of any color in the second row. Then the (n−p)th step of cw(F) has type (1, l−α(p)), and is colored
{1, 2, . . . , 2l} \ {u1, u2, . . . , uα(p)}. The (n+ p+ 1)th step has type (1, β(p)− l) and is colored {v1, v2, . . . , vβ(p)}.
For an array
F ′ =
(
a1 a2 · · · as1
b1 b2 · · · bs2
)
T
we follow the same rule to constructw(F ′), except that we add an additional step after the nth step of type (1, s1 − s2) and
color T .
The rest of the details are the same as for Theorem 5. 
5. Generalized Catalan paths
In this section we define paths to give an interpretation of the generalized Frobenius partitions counted by φ2l−1(n) and
cφ2l−1(n).
Consider paths from (0, 0) to (n, n) which do not rise above the line y = x with steps (j, 1 − j) and (1 − j, j), where
j ∈ {1, 2, . . . , l}.We call such a path a Catalan path of rank l and length 2n. Define theweight a(w) of a Catalan pathw of rank l
to be the area betweenw and the path of steps alternating (1, 0) and (0, 1). Define the generating function C˜ (l)n (q) =∑ qa(w),
where the sum is over all Catalan pathsw of rank l and length 2n.
An equivalent Dyck path version of Catalan paths of rank l are paths from (0, 0) to (n, 0) not going below the x-axis and
consisting of steps (1, j) where j is an odd integer,−(2l + 1) ≤ j ≤ 2l + 1. We will continue to use Catalan paths of rank l
instead.
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Note that Catalan paths of rank 1 are just the Catalan paths described in the introduction. For Catalan paths of rank 2, we
have
C˜ (2)0 (q) = 1
C˜ (2)1 (q) = q+ 1
C˜ (2)2 (q) = q5 + q4 + 3q3 + 4q2 + 3q+ 1
C˜ (2)3 (q) = q12 + q11 + 3q10 + 6q9 + 9q8 + 12q7 + 15q6 + 18q5 + 19q4 + 18q3 + 12q2 + 5q+ 1
C˜ (2)3 (q) = q22 + q21 + 3q20 + 6q19 + 11q18 + 16q17 + 25q16 + 35q15 + 48q14 + 62q13 + 77q12 + 93q11
+ 111q10 + 124q9 + 133q8 + 134q7 + 127q6 + 111q5 + 85q4 + 53q3 + 24q2 + 7q+ 1.
The Catalan path of rank l and length 2nwith largest area consists of n steps of type (l, 1− l) followed by n steps of type
(1− l, l), and has weight (l− 1)n2 + ( n2 ). Define reversed polynomials
C (l)n (q) = q(l−1)n
2+( n2 )C˜ (l)n (q
−1).
Theorem 9.
lim
n→∞ C
(l)
n (q) = Φ2l−1(q).
Proof. Fix an integer l > 1. Let
F =
(
a1 a2 · · · as
b1 b2 · · · bs
)
be a generalized Frobenius partition of t in which no integer occurs more than 2l − 1 times in either row, and let
n ≥ max{2(a1 + 1), 2(b1 + 1)}. For each nonnegative integer p < n, suppose p occurs α(p) times in the first row and
β(p) times in the second row, with α(p), β(p) ∈ {0, 1, 2, . . . , 2l − 1}. Define a Catalan path w(F) of rank l and length 2n,
such that the (n− p)th step has type (l− α(p), 1− l+ α(p)) and the (n+ p+ 1)st step has type (β(p)− l+ 1, l− β(p)).
Since α(1) + α(2) + · · · + α(n) = β(1) + β(2) + · · ·β(n) = s, the path does end at (n, n). Also note that n is large
enough so that the path does not go above the diagonal. Hence the map gives a Catalan path of length 2n and rank l. Clearly
the map is reversible. It remains to show that a(w(F)) = (l− 1)t2 + ( t2 )− n.
It is enough to show that the region R1 enclosed by w(F), the line y = −lx/(l − 1), and the line y = t − x has area
a1+a2+· · ·+as+ s/2. Suppose p appears α(p) times in the first row of F , with α(p) > 0. By dividing R1 into diagonal strips
along lines of slope−1/(l− 1), we see that the step corresponding to p gives a subregion of R1 consisting of a parallelogram
and triangle. It is easy to see that the triangle has areaα(p)/2. If (l−1) ≥ α(p), thenwe can find the area of the parallelogram
by enclosing it in a rectangle. This gives the area of the parallelogram as
(pl+ (l− α(p)))(p(l− 1)+ ((l− 1)− α(p)))− 2 (pl)(p(l− 1))
2
− 2 ((l− 1)− α(p))((pl)+ (pl+ (l− α(p))))
2
= pα(p),
as desired. See Fig. 10. The computation for (l− 1) ≤ α(p) is similar.
Adding the parallelograms and triangles over all p gives a1 + a2 + · · · + as + s/2. 
For example, the generalized Frobenius partition
F =
(
2 2 2 0
2 1 1 0
)
with l = 3 and n = 5 corresponds the Catalan path of rank 2 shown in Fig. 11. The path is shown in bold. The shaded region
is subdivided into parallelograms and triangles as described in the proof of Theorem 9.
Nowwe consider the colored version. Letw be a Catalan path of length 2n and rank l, such that each step of type (j, 1− j),
j = 1, 2, . . . l, is colored with a subset of {1, 2, . . . , 2l− 1} of cardinality l− j and each step of type (1− j, j), j = 1, 2, . . . l,
is colored with a subset of {1, 2, . . . , 2l − 1} of cardinality l + j − 1. Then we say that w is a colored Catalan path of rank l
and length 2n.
Define c˜C
(l)
n (q) =
∑
qa(w), where the sum is over all colored Catalan paths w of rank l and length 2n, with weight a(w)
as for ordinary Catalan paths of rank l. Reversed polynomials may be defined by
cC(l)n (q) = q(l−1)n
2+( n2 )c˜C(l)n (q
−1).
Adapting the bijection for Theorem 9 in the same manner as in Section 4, we conclude the following.
Theorem 10.
lim
n→∞ cC
(l)
n (q) = CΦ2l−1(q).
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Fig. 10. Area calculation for a parallelogram.
Fig. 11. A Catalan path of rank 2.
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